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Abstract

ehicle stability is fundamental to the safe operation

of intelligent vehicles, and real-time, high-accuracy

calculation of the stability domain is crucial for main-
taining control across the full range of driving conditions.
Because the real stability domain is difficult to parame-
terize accurately and is shaped by multiple driving factors
including vehicle-dynamics parameters and environmental
conditions, existing approaches fail to capture the multi-
dimensional couplings between time-varying driving
inputs and the resulting stability boundaries. Moreover,
these methods remain overly conservative owing to algo-
rithmic limitations and cautious design assumptions,
thereby restricting dynamic performance in complex
scenarios. To address these limitations, this paper intro-
duces a multidimensional vehicle dynamic stability region
calculation framework under time-varying driving condi-
tions and apply it into path tracking controller of intelligent
vehicle. Sum-of-squares programming (SOSP) is enhanced

Introduction

table driving is critical for accurate path tracking of

intelligent vehicles in complex scenarios [1, 2], since

it relies on clearly defined vehicle stability boundaries
[3]. However, determining these boundaries involves
considering time-varying factors and stability mecha-
nisms of the automotive systems [4]. Therefore, accu-
rately identifying stability boundaries in real-time as
driving parameters variate is challenging but essential for
effective vehicle stability control.

Two mainstream approaches define a vehicle's
stability-domain: the empirical phase-plane method [5]
and the Lyapunov Function Method (LFM) [6]. Specifically,
the phase-plane method approximates the vehicle's
dynamic stability-domain based on geometric character-
istics of the phase plane [7]. Since the primary method
relies on identifying saddle points, the stability region
becomes indeterminate once these points vanish under
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with iterative shape functions to have a more precise
description of the stability domain across discrete oper-
ating conditions. A feature analysis of the driving factors
including key vehicle parameters and road conditions that
influence stability-domain variation is conducted based
on the SOSP. A multi-input-multi-output neural network
is then used to continuously maps time-dependent driving
factors to their stability-domain characteristics.
Furthermore, a linear interpolation is adopted to para-
metrically represent the stability-domain boundary.
Verification on a hardware-in-the-loop (HiL) platform
demonstrates that the proposed method accurately
captures the stability-domain characteristics in time-
varying environments subject to multiple factors.
Furthermore, the path-tracking controller equipped with
the proposed model computes the stability-domain
boundary in real time, improves maneuverability by
limiting unnecessary interventions, and markedly reduces
maximum tracking error.

complex driving scenarios [8, 9]. In contrast, LFM
constructs a nonlinear system, employing Lyapunov’s
second method. Consequently, it clearly explains the
causes of instability from the system’s stability mecha-
nisms perspective. Moreover, a SOSP-based LFM is widely
applied in practice to estimate the attraction domains of
nonlinear systems [10]. Nevertheless, due to simplistic
shape functions, the SOSP method does not effectively
estimate the stability-domain through iterations.
Real-time stability-domain estimation follows three
paths: portrait phase method, dynamics-constraint
method, and graphical fitting method. Portrait phase
method represents the stability domain continuously by
approximating phase-plane regions with simple linear
segments and employing offline look-up tables for real-
time computation [11]; however, the lack of a detailed
analysis of how the stability boundaries evolve constrains
its applicability in real-time driving conditions. Stability
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controllers commonly impose vehicle dynamics constraints
derived from the rear wheels'’ linear operating region [12,
13], yet this conservative approach is inadequate for real-
time calculations in extreme scenarios, because it fails to
fully exploit the vehicle's dynamic potential. Graphical
fitting method approximates with predefined shapes by
constructing ellipse-parameter functions that use driving
conditions as independent variables [14]; nevertheless, it
falters when handling the complex driving conditions, as
multidimensional relationships between scenarios and
stability-domain make the actual stability boundaries
highly irregular.

Based on the above issues, this paper presents a
neural network-based real-time stability-domain repre-
sentation model incorporating vehicle dynamics (DSR-
NET), and evaluates its time-critical responsiveness and
computational efficiency by integrating DSR-NET into a
path-tracking controller on a HiL platform. To improve
the conservative domain estimated by SOSP, iterative
shape function is used to improve the accuracy.
Furthermore, stability-domain features responsive to
driving factors are extracted, and a neural network maps
these factors to domain features for real-time representa-
tion. Moreover, DSR-NET is integrated into a stability
controller and validated on a HiL platform. Compared with
traditional methods, the framework computes stability
boundaries on the fly, cuts unnecessary controller inter-
ventions, and markedly improves tracking precision.

The innovations of this paper are as follows:

1. An enhanced SOSP-based method for estimating
a vehicle’s stability domain is presented. By
introducing iterative shape functions, the method
overcomes the limitations of a single shape
function and substantially enlarges the domain.

2. A data-driven, multidimensional mapping model is
established through the construction of a neural
network, enabling the real-time capture of
stability-domain characteristics under complex
driving conditions.

3. A driving scenario based on HiL platform is
constructed to validate effectiveness and real-
time performance of the DSR-NET integrated
with path tracking controller.

System Dynamics and
Improved SOSP

The structure of the DSR-NET is presented in Figure 1,
divided into three parts: the construction of improved-
SOSP method for stability boundary calculation, the
establishment of DSR-NET for real-time stability boundary
representation, and the validation of DSR-NET in
vehicle control.

XL Structure of DSR-NET

S(x)=a+b(x-x)+c(x-x) +d(x-x)'

A k.

Hiscrete stability domai  kontinuous representation

domain calculation

N

[u. 1]

neural network
DSR-NET model
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§=—ks —exsign(s)

This section introduces the application of a nonlinear
2-DOF vehicle model and a nonlinear tire model of the
SOSP-based system.

Vehicle Dynamics Model

The parameters of the vehicle model (1) and are as follows:

{m(\'/y +ur) =F,cosd+F, 0

I,r =IF;, cos& - .F,

where m,l,lsl,6,uv,FysF, denote the vehicle's weight,
vehicle's moment of inertia, distances from the front and
rear axle of the vehicle to the center, steering angle, longi-
tudinal and lateral velocities, lateral forces of the tire,
respectively.

For the vehicle tire model, the side slip angles of the
front and rear tires can be expressed as:

X 2
_vy—l,r 2

v

ar
X

where front and rear side slip angles are denoted
byar and a, In this paper, the magic tire model [15] is used
to express the lateral force, the basic form as follows:

F, =D, sin(C, arctan(B, (1 - E,-)O!,- +E arCtan(BiaI))) 3)

where D, C;B;E; are the fitting coefficients in the magic
formula,i = f, r, variableF represent the lateral forces,
parametera;are side slip angles.

The nonlinear system composed of the above
dynamics model and tire model will be used for SOSP later.
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LTI The 2-DOFs vehicle model

Improved SOS Programming

SOSP derives a nonlinear system’s attraction domain by
constructing a Lyapunov function and solving it iteratively.
In terms of procedure, the algorithm executes three
successive steps—V step, y step and g step [16]. Moreover,
the iteration stops after three cycles when the g no longer
changes [17].

Nonlinear System Model of SOSP Construct the
nonlinear system model for the SOSP and rewrite (1) in
the form of (4). Due to SOSP can only solve polynomial
nonlinear systems, the trigonometric Magic-Formula tire
model is approximated by a cubic polynomial. Currently,
stability-domain estimation usually assumes fully satu-
rated tire forces [18] by constraining tire forces to the
linear range [19]. Therefore, a polynomial description of
tire behavior from the linear to weak-nonlinear region is
required. The resulting polynomial tire model is (5).

_ (ny cos(5)+ F,y)

(1R cos(8)~1F,)
|

z

—ur

f' =

F, =F. (ke +koa?) i = Fr 5)

The tire fitting database uses the tire test database,
and the fitting results are shown in Figure 3. This poly-
nomial tire model provides a relatively accurate fit within
the required range for the maximum fitting error is 77N.

m Polynomial tire model for SOSP
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Implementation and Improvement of SOSP The key
parameters of the SOSP are defined as follows:

TABLE 1 Parameters of the improved SOSP

parameter description

f the nonlinear vehicle system
VI(X) the Lyapunov function
VV(X)F 5\/( X)

ot
p(X) iterative shape function
S1(X),55(%) SOS polynomials
> fixed positive definite polynomial
7.p the size of V(x)andp(x)
X the set of SOS polynomials

1. y-step: Within the range of VV(X)f < 0, find theV(x)
that maximizes the value y.

2. p-step: Within the range of V(x) <y, find the p(x)
that maximizes the g.

3. V-step: Within the above iterative y and g,
iteratively solve for the newV(x), ensuring V(x) > 0
and VV(x)f < 0.

Based on the p(x) framework proposed in [20], the
improved SOSP introduces a p(x)-step iteration to enrich
the shape functions and applies it repeatedly for real-
time SOS estimation of the vehicle stability-domain.
Once the iteration converges, the latest V(x) is fed back
as the initial p(x) for the next SOSP cycle. Consequently,
the enhanced SOSP takes vehicle and driving parameters
as inputs and outputs the estimated vehicle-dynamics
stability-domain Q.
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Improved SOSP for Stability-domain Estimation

Input: vehicle parameters, U , ¢
Output: €, ,

Initialization: V(x), i=j=k=g=1
1:  while By —Bo < le”

2: 7 -step:

3: while 7, -7, > ¢,

4: s, (x) e Z[x]

“VV(x)f =y (x)+...

& Sy, (x)(V(x)—;/,-)eZ[x]

6: i=i+1

7: end

8: keep V' (x), s,(x), 7

9: [ -step:

10: while 5, -5, 1> &4

11: Isy (x)eZ[x]

12: 51 (¥)(p(x) =)~ (7 (x)-7) e D[]

13: j=j+1

14: end

15: ,Bg :ﬁj

16: g=g+1

17: keep sl(x), s,(x), 7, B

18: V -step:

19: while A 1/ (x)

20 Ve(x)-h e Z[x]

21: 51(x)(p(x) =)= (Vi (x)-7) € X []
VIV (x)f =l +...

- 5290 (x)-7) € X[+

23: k=k+1

24: end

25: end

26:  Qp  ={r<y}

27: return V(x) Qp,

28:  p(x) -step:

29: p(x) for the next iteration = V" (x)

30: next iteration:
31: while g, -8, | <1e”

32: 7 -step
33: [ -step
34: V -step
35: end

36: @, ={r<y}
37: return V(x), Qp ,

Under fixed driving conditions (u=30m/s ,u=0.4), the
stability-domain estimated by the improved SOSP (black
line) closely matches the phase-plane boundary, confirming
the method’s accuracy. Moreover, as illustrated in Figure
4, the improved SOSP enlarges the estimated

m Comparison of stability-domain calculation

39
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|
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stability-domain by over 35 % compared with the tradi-
tional SOSP (red line).

This section employs an improved SOSP that
combines nonlinear stability theory with a vehicle
dynamics model to estimate the stability-domain under
given driving conditions. Moreover, iterative shape-func-
tion optimization further enlarges the estimated domain.
Furthermore, the next sections use this enhanced SOSP
to build a stability-domain database.

The Method of Real-time
Vehicle Stability-domain
Representation

First, the improved SOSP builds a stability-domain
database under typical driving conditions. Afterwards,
based on this database, this section analyzes how the
domain evolves with vehicle speed and road adhesion
and extract the most sensitive features. Finally, a neural
network maps driving conditions to the stability-domain
characteristics, enabling continuous representation of the
discrete stability-domain.

Vehicle Stability-Domain Feature
Analysis

The key factors of stability domain include coefficient of
road adhesion u and longitudinal velocity u which are
discussed in [18]. This section applies the improved SOSP
to build a stability-domain dataset across u € [14: 4 : 30]
m/s and u € [0.2: 0.2 : 1]. Specifically, Figure 5 shows the
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m Variation patterns under different vehicle speeds

Vi

—u=30 m/s
1.5 |—u=26 m/s
u=22 m/s Y,
A
1 u=18 m/s |
u=14 m/s
0.5
7
3
s 0
&
~
-0.5
-1F
1.5
2 . . J
=8 6 4 2 0 2 4 6 8

v [m/s]

domains at various speeds with constantu = 0.4, whereas
Figure 6 depicts the domains at different u with
constantu = 30m/s. Based on these results, the conclu-
sions are as follows:

1. The evolution of the stability domain under
changing driving factors can be characterized by
its length, width, and orientation angle.

2. The domain is symmetric about the origin
because steering inputs are not considered.

Based on the above conclusions, DSR-NET extracts
the coordinate point(x;y;)—the point farthest from the
origin in Euclidean distance as the representative feature.

Xg characteristics domain length, the ratio ﬁcaptures its
X

.
inclination, while the vertical-axis intercept y, denotes
domain width. As shown in Figure 5 and Figure 6, these
features will serve as neural-network outputs in the next

m Variation patterns under different adhesion
coefficients

2r 7
157
1
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@
3
s 0
=
N
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LS
2L J
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section to construct a continuous stability-domain calcula-
tion model.

Neural Network-Based
Representation Method

Since SOSP can estimate the stability domain only at
discrete operating points, DSR-NET employs a neural
network to build a continuous mapping from driving
conditions to stability-domain characteristics.

Continuous Processing of Feature Targets The stability

domain is characterized by three values—xzk = ﬁ, Yo- TO

Xr
ensure smooth local transitions, a cubic-spline interpola-
tion (6) with fitting functionS;(x)is applied to the discrete
data. Consequently, continuous functions with respect to
the driving conditions are obtained shown in Figure 7.
Moreover, the clear variation trends of these functions
make them ideal output variables for neural-
network training.

(%)= S (x:a)
$"(x0)=0,5"(x,)=0

A Neural Network-Based Model for Stability-
Domain Nowadays, neural network—based methods are
widely used to model complex mappings because they effi-
ciently capture coupled nonlinear relationships [21] and
maintain real-time performance [22]. A feedforward neural
network (FNN) iteratively refines its weights through a
selected training function, thereby minimizing error and
capturing complex mappings. Here the network trained with

Interpolation function

30 i :
20 3 0.5 .
u[m/s] 10 0 /

=05

= 0.1

| 1 0.
0 S~ 30

- . 0.5
30 9

1({ 0 H 20 g .05
u [m/s]

u[m/s] 10 o 7
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TABLE 2 FNN model parameters

parameters  description value

No input layer 2,[u,u]”

n, hidden layer 5

n; output layer 3,5 Y5 Yol

0 the error threshold  1e™®

N Maximum iterations 1000

f training function Levenberg-Marquardt

the Levenberg—Marquardt [23] algorithm is adopted, which
is well suited to small-medium scale datasets. Table 2 lists
the model parameters. A mapping model with input X = [, u]
and output Y = [X;ysyglis constructed as Algorithm 2: define
w; as the weight from x; to neuron j, b; as the bias of neuron
j and 5 as the learning rate.

PN mode

Input: XTz[#,u]T,YT=[xf,yf,yo]T
Output: Y,

predict
Initialization: ny , n; ,n; , N ,0.
1: forl: N
2: for x; in X
3: forward propagation:
n
4: weighted calculation: z; = Zw,-jx,- +b;
i=1
5: activation function: a; = f(z;)
6: inter-layer transmission:
T: the output layer predicts the final result J;
1 &
8: loss function: Ly = WZ(y,- -5
i=1
9: end
10: for x; in X
11: backward propagation:
k=K
12: 5j=Z5ijk'f(Zj)
k=1
13: update weights and biases:
14: vtzl.J.(—m-j—naLmE
o,
15: bj (—bj —ﬂaLME\
ob .
J
16: end
17: if LMSE <0
18: break;
19: end
20: end

21: return FNN model, training progress

Figure 8 confirms that the neural-network model
closely matches the measured data. Specifically, the
maximum errors of the predictions fo rxgzk, and y, are
0.05, 0.05, and 0.03 respectively.

In terms of explicit boundary representation, six

feature points (Xsyr), ng ,nyjv(or)/o)x(_xﬁ_)/f){—23Xf,—ny}

m The deviation between the predicted values and
the actual values.

0.05 max(vpm 1',(7-,\-'11}0):0.05

0.04 l
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0.02

) 0
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0
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20.00

u [m/s] 1.00
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m Stability-domain boundary fitting method

o
W

(=]
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=]
W

DSR-NET boundary

.| - SOSP boundary

-8 -6 -4 -2 2 4 6

0
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(0,-yo) are linearly interpolate. Consequently, the fitted
curve in Figure 9 reproduces 90% of the SOSP-calculated
domain, accurately capturing its boundary features. Thus,
DSR-NET provides a real-time, explicit stability-boundary
framework.

Design of A Path Tracking
Controller

This section incorporates DSR-NET into a stability
controller (DSR-NET Controller, DNC). Initially, an upper-
layer sliding mode observer (SMO) computes the
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additional yaw moment; subsequently, a lower-layer
quadratic-programming (QP) routine assigns optimal four-
wheels torques; ultimately, the DNC is deployed on a
hardware-in-the-loop platform to evaluate path tracking
performance.

Hierarchical Stability Controller
Design
To obtain the additional yaw moment, the vehicle

dynamics model can be rewritten as (7). The parameters
of the test vehicle are shown as Table 3.

(7

m(\'/y + ur) =F,cos8 +F,
I,r = I:F;, cos 6 — L, + AM,

where AM, is the additional yaw moment, generated
by longitudinal forces of each wheel.

AM, = (Fxfr +Fe —Fa—Fq )E ©

N

where F; are the longitudinal forces of the tires,,j = f 1.

SMO estimates the additional yaw moment by calcu-
lating the real-time deviation between actual yaw rate r
and the desired value r,,, as well as the deviation between
vy, and V,q4es bounded by DSR-NET. And the pre-control
approach [24] is triggered once the threshold is exceeded.
Accordingly, The SMO sliding surface is defined as (9), and
the approaching law is given by (10).

S=1 (r _rdes)+ 7 (Vy - Vydes) (9)

$ = —ks—exsign(s) (10)
n, and n, represent the weight for r — rg. and
Vy = Vydess @S Shown in [16].
The lower layer computes F,; via QP (11). Specifically,
it minimizes the four-wheels forces while satisfying the
tire-adhesion ellipse constraints.

J= minleHx +FTx

stA-x=b )
Xp S X < Xy

TABLE 3 Parameters of the simulation vehicle

parameters description value

m total mass (kg) 2053

l, vehicle moment of inertia (kgm?) 4095

liire tire moment of inertia (kgm?) 2

B track width (m) 1605

R rolling radius of the wheel (m) 0.353

Is I, distance from the front/rear axle to 1.265,1.895

CG. (m)
preview time  horizon length (s) 5

B . B . B B
A=|-c0sd-—+sind-1,cos0-—+sind I, ——,—
where { 2+ | i 2+ I nTS 2},

2
X= [ Futo P Fuard D = AM Xy = (4P ) = Fi Xip = = Xur
The vertical and lateral forces of four wheels are denoted
by Fzyand Fylj=1fr.
The optimal torques of the four wheels are calculated
by (12) and are executed smoothly by the actuators [25].
Tj = FyR + lieeW; (12)
where T is the output torque, variable w; is the
wheel speed.

DSR-NET Based Path Tracking
Method Validation

By building the HiL platform, this section validates a
DNC-integrated path-tracking controller based on active
front-wheel steering [26] and confirms its real-time
performance and stability-maintenance capability during
trajectory tracking.

HiL System Platform Figure 10 outlines the HiL platform,
which comprises a host computer, a Speedgoat real-time
target, and a driving simulator. The host runs the vehicle
model and traffic scenarios, while the Speedgoat unit
computes control inputs in real time, logs each step’s
computation time, and returns commands to the host via
UDP and CAN. Meanwhile, the driving simulator allows
the driver to change between the DNC and controller
based on constraints of the linear region of rear wheels
(LC) [13] during double-lane-change (DLC) tests at
u =100km/h, u = 0.6. Finally, the test vehicle and controller
parameters are listed in Table 3. The constraints of LC
are defined as (13).

My —Su <V, <1l +Sg,U

“HY M9 (13)
u u
m Hil platform
P 2 e @ Resime |

| prescan Surrounding  Target
1

\ target machine
! Vehicle__Vehicle |

Driving
Simulator 1

A8

Driving
| _Simulator2 _
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where s, is the linear range of the rear tire's side
slip angle.

Validation Results Figure 11 shows the phase-plane
trajectories under DLC. Without a stability controller, the
vehicle briefly crosses the safety boundary, whereas the
controller keeps it within safe limits at all times. Moreover,
compared to LC, the DNC both preserves safety and
exploits a wider dynamic envelope by 66.8%.

As Figure 12 shows, the LC and DNC both activate at
the lane-change to maintain stability. But compared to
LC, DNC reduces the maximum optimized torques by
over 50% under extreme maneuverability.

m The stability performance of vehicle tracking

2
—LC
15 —DNC
—no control LC boundary
A
1+ / 1
DSR—NETYboundary
0.5+ \ J
)
B o0
M
=~
-0.5F g
-1t J
-1.5
2 . . ‘ ‘
-8 -6 -4 -2 0 2 4 6
vy [m/s]

m The optimal wheel torques

0
. 1001

200

300

[Nm]

. 4
time [s]

m States responses of the vehicle tracking

trajectory

.4
time [s]

TABLE 4 Comparisons of key vehicle state parameters

state parameters  LC_,;,,LC. ..« DNC,.,i,,DNC,....
B0) -0910.74 -2.33,2.31
a,(m/s?) -5,5.2 -6.53,703
u(km/h) 811,100 85.2,100

Figure 13 reveals the state responses of the vehicle
tracking trajectory under DLC.

During the lane-change operation from 2.2 sto 6 s,
the vehicle’s states fluctuate appreciably, prompting acti-
vation of the stability controller. Because the LC has a
lower stability threshold, it intervenes earlier and remains
active longer. Specifically, the LC engages at 2.3 s and
deactivates later, whereas the DNC does not engage until
2.6 s and releases control sooner. Relative to the DNC,
the LC causes pronounced longitudinal-speed fluctuations
between 3 s and 8 s because it commands larger opti-
mized wheel torques. As shown in Table 4, since the states
of LC-based vehicle fluctuate only within a limited range,
the states $ and a, can't follow their desired trajectories

m Comparisons of lateral deviation in path tracking

4 ; ; 1
3.5 —DNC
—LC
3 reference
2.5
— 2
£
>~ 15
1
0.5
0
0.250“ E
0.5- ! :
3 4 5 6 7 8
time [s]
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effectively. By contrast, the DNC intervenes less and
optimize smaller four-wheels torques within the stability
boundary, thereby enhancing path-tracking accuracy.
Consequently, Figure 14 illustrates that LC lags and suffers
higher peak errors, whereas DNC maintains stability and
achieves markedly smaller tracking errors from 0.397 m
to 0.250 m.

The above section validates the effectiveness of the
DNC in intelligent vehicle path tracking. Specifically, while
maintaining stability, DNC reduces peak tracking error by
35% and boosted maneuverability by reducing controller
interventions compared with the LC.

This paper introduces DSR-NET, a real-time calculator of
the vehicle stability-domain in complex driving environ-
ments, and applies it into DNC to improve performance
during extreme scenarios. By adding an iterative shape-
function to the traditional SOSP, the estimated stability-
domain is developed. An FNN-based mapping model is
constructed to represent the connections between driving
factors and stability boundaries based on the analysis of
stability-domain features extracted by the improved SOSP
to achieve a continuous stability-domain description. A
HiL platform is built to validate the proposed model,
showing that the DNC halves peak tracking error yet
maintains stability due to a larger stability threshold for
vehicle motion, demonstrating the practical value of
DSR-NET for real-time control and path planning. Future
work will aim to demonstrate the practical value of the
DNC through full-vehicle tests, integrate advanced path-
tracking control method such as model predictive control,
and apply machine-learning methods to capture the char-
acteristics of the extended stability domain under varying
control inputs.
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DNC - DSR-NET-controller

LC - Linear constraints based controller
SOSP - Sum of Squares Programming
LFM - Lyapunov Function Method
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SMO - Sliding Mode Observer

QP - Quadratic Programming

DSR-NET - A neural network-based dynamic
stability region
FNN - Feedforwad Neural Network
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